An offensive alliance in a graph Γ = (V, E) is a set of vertices S ⊂ V where for every vertex v in its boundary it holds that the majority of vertices in v's closed neighborhood are in S. In the case of strong offensive alliance, strict majority is required. An alliance S is called global if it affects every vertex in V \S, that is, S is a dominating set of Γ. The global offensive alliance number γ o (Γ) (respectively, global strong offensive alliance number γô(Γ)) is the minimum cardinality of a global offensive (respectively, global strong offensive) alliance in Γ. If Γ has global independent offensive alliances, then the global independent offensive alliance number γ i (Γ) is the minimum cardinality among all independent global offensive alliances of Γ. In this paper we study mathematical properties of the global (strong) alliance number of cubic graphs. For instance, we show that for all connected cubic graph of order n,
where for every vertex v in its boundary it holds that the majority of vertices in v's closed neighborhood are in S. In the case of strong offensive alliance, strict majority is required. An alliance S is called global if it affects every vertex in V \S, that is, S is a dominating set of Γ. The global offensive alliance number γ o (Γ) (respectively, global strong offensive alliance number γô(Γ)) is the minimum cardinality of a global offensive (respectively, global strong offensive) alliance in Γ. If Γ has global independent offensive alliances, then the global independent offensive alliance number γ i (Γ) is the minimum cardinality among all independent global offensive alliances of Γ. In this paper we study mathematical properties of the global (strong) alliance number of cubic graphs. For instance, we show that for all connected cubic graph of order n,
Introduction
The study of defensive alliances in graphs, together with a variety of other kinds of alliances, was introduced in [6] . In the cited paper there was initiated the study of the mathematical properties of alliances. In particular, several bounds on the defensive alliance number were given. The particular case of global (strong) defensive alliance was investigated in [5] where several bounds on the global (strong) defensive alliance number were obtained. In [7] there were obtained several tight bounds on different types of alliance numbers of a graph, namely the (global) defensive alliance number, (global) offensive alliance number and (global) dual alliance number. In particular, there was investigated the relationship between the alliance numbers of a graph and its algebraic connectivity, its spectral radius, and its Laplacian spectral radius. A particular study of the alliance numbers, for the case of planar graphs, can be found in [8] . For the study of offensive alliances we cite [3, 4, 13] and for the study of alliances in trees we cite [2, 3, 8] . For the study of alliance free sets and alliance cover sets we cite [10, 11, 9] and, finally, for the study of defensive alliances in the line graph of a simple graph we cite [12] . The aim of this work is to study global offensive alliances in cubic graphs.
Preliminary Notes
In this paper Γ = (V, E) denotes a simple and connected graph of order n and L(Γ) denotes the line graph of Γ. The degree of a vertex v ∈ V will be denoted by δ(v) and the subgraph induced by a set S ⊂ V will be denoted by S . For a non-empty subset S ⊂ V , and a vertex v ∈ V , we denote by N S (v) the set of neighbors v has in S: N S (v) := {u ∈ S : u ∼ v}. Similarly, we denote by
The boundary of a set S ⊂ V is defined as
A non-empty set of vertices S ⊂ V is called offensive alliance if and only if for every v ∈ ∂(S), |N S (v)| ≥ |N V \S (v)| + 1. That is, a non-empty set of vertices S ⊂ V is called offensive alliance if and only if for every v ∈ ∂(S),
An offensive alliance S is called strong if for every vertex v ∈ ∂(S),
The offensive alliance number (respectively, strong offensive alliance number ), denoted a o (Γ) (respectively, aô(Γ)), is defined as the minimum cardinality of an offensive alliance (respectively, strong offensive alliance) in Γ.
A non-empty set of vertices S ⊂ V is a global offensive alliance if for every
Thus, global offensive alliances are also dominating sets, and one can define the global offensive alliance number, denoted γ o (Γ), to equal the minimum cardinality of a global offensive alliance in Γ. Analogously, S ⊂ V is a global strong offensive alliance if for every
, and the global strong offensive alliance number, denoted γô(Γ), is defined as the minimum cardinality of a global strong offensive alliance in Γ.
The independence number α(Γ) is the cardinality of the largest independent set of Γ. A set is an independent offensive alliance in Γ if it is an offensive alliance and it is an independent set. If Γ has independent offensive alliances, then the independent offensive alliance number a i (Γ) is the minimum cardinality among all independent offensive alliances of Γ. The domination number of Γ, denoted γ(Γ), is the minimum cardinality of a dominating set in Γ. The independent domination number i(Γ) is the minimum cardinality among all independent dominating sets of Γ. If Γ has global independent offensive alliances, then the global independent offensive alliance number γ i (Γ) is the minimum cardinality among all independent global offensive alliances of Γ. Thus,
In this paper we study mathematical properties of the global (strong) alliance number of cubic graphs. For instance, we show that for all connected cubic graph of order n,
All the above bounds are tight.
Main Results
These are the main results of the paper.
Theorem 3.1. Let Γ be a connected cubic graph of order n.
1.
if and only if Γ is a bipartite graph.
if and only if Γ is isomorphic to the complete graph K 4 .
Proof.
1. If Γ = (V, E) is δ-regular, then S ⊂ V is a δ-dominating set if and only if V \S is an independent set. Therefore,
Moreover, if Γ is a cubic graph, a set S ⊂ V is a strong offensive alliance if and only if S is a 3-dominating set. Therefore,
Finally, as for all δ-regular graph Γ, α(Γ) ≤ n 2
, the bound follows.
On the other hand, for all global strong offensive alliance S such that |S| = γ0(Γ), V \S is an independent set. Thus, 3n 2 ≤ 3(n − γ0(Γ)) + γ0(Γ). Hence, the upper bound follows.
2. If Γ = (V, E) is a bipartite cubic graph, then each set of the bipartition of V is a strong global offensive alliance in Γ of cardinality
. Conversely, if S is a 3-dominating set of cardinality n 2 in a cubic graph, then the edge-cut between S and V \S has size 3 n 2 . Hence, both, S and V \S, are independent sets, so Γ is a bipartite graph.
We only need to show that
, then V \X is the disjoin union of cycles. Let x i be the number of cycles of length i in V \X, i = 3, ..., . Thus,
If x i > 0, for some i > 3, then
Thus,
Therefore,
. Let x ∈ X. As Γ is connected and Γ ≇ K 4 , Y i ∪{x} ≇ K 4 and, in consequence, α ( Y i ∪ {x} ) = 2, ∀i. Let W = {x, y 1 , y 2 , ..., y n 4 }, where y i ∈ Y i and y i ≁ x. As W is an independent set, the result follows by contradiction.
It is well-known that the independent set problem is NP-complete [1] . Hence, a direct consequence of (2) is the following: . That is, Γ 1 = (V, E) is a bipartite semiregular graph of degrees 2 and 3. If V 3 ⊂ V denotes the vertex-set of degree 3 in Γ 1 , then γ0(Γ 1 ) = |V 3 | = α(Γ). On the other hand,
. Notice that in this class of graphs are included the cubic graphs of order n ≥ 6 having n 3 independent triangles 1 .
Theorem 3.3. [7, 13]
Let Γ be a simple graph of order n and minimum degree δ. Let µ be the Laplacian spectral radius of Γ. Then
Corollary 3.4. Let Γ be a δ-regular graph of order n. Then
Proof. We denote by A the adjacency matrix of L(Γ) and by 2(δ − 1) = λ 0 > λ 1 > · · · > λ b = −2 its distinct eigenvalues. We denote by L the Laplacian matrix of L(Γ) and by µ 0 = 0 < µ 1 < · · · < µ b its distinct Laplacian eigenvalues. Then, since L = 2(δ − 1)I n − A, the eigenvalues of both matrices, A and L, are related by
Thus, the Laplacian spectral radius of L(Γ) is µ b = 2δ. Therefore, the result immediately follows
In the case of regular graphs of even degree all global offensive alliance is strong. Hence we have γ o (Γ) = γô(Γ). Therefore, by Corollary 3.4 we obtain that if Γ is a cubic graph, then
The above bounds are tight. Example of equality in above upper bound is the complete graph of order 4: γ o (L(K 4 ) = 4 = n. In the case of the bipartite complete graph Γ = K 3,3 we have γ o (L(K 3,3 )) = 5 and the above lower bound gives 9 2 ≤ γ o (L (K 3,3 ) ). is improved for the case of regular graphs of odd degree. Theorem 3.6. For all regular graph Γ of order n and odd degree δ,
Proof. The lower bound is a particular case of Theorem 3.5. Let {X, Y } be a bipartition of V such that |X| = |Y | = In the case of cubic graphs we have,
Example of equality in above upper bound is the family of cubic graphs Γ = C r × K 2 , where C r denotes the r-cycle graph. In this case γ o (Γ) = r. is an independent set.
Proof. Let X ⊂ V be a global offensive alliance in Γ of cardinality . Let c be the size of the edge-cut between X and V \X.As X is a 2-dominating set, 2
, so the size of X is zero.
A set nonempty set S ⊆ V is a strong defensive alliance in Γ if for every v ∈ S, 2|N S (v)| ≥ δ(v). A set X ⊆ V is strong defensive alliance free if for all strong defensive alliance S, S \ X = ∅, i.e., X do not contain any strong defensive alliance as a subset [10] . A strong defensive alliance free set X is maximal if for all v / ∈ X, exists S ⊆ X such that S ∪ {v} is a strong defensive alliance. A maximum strong defensive alliance free set is a maximal strong defensive alliance free set of largest cardinality. We denote by φ 0 (Γ) the cardinality of a maximum strong defensive alliance free set of Γ.
Similarly, a set Y ⊆ V is a strong defensive alliance cover if for all strong defensive alliance S, S ∩ Y = ∅, i.e., Y contains at least one vertex from each strong defensive alliance of Γ. A strong defensive alliance cover Y is minimal if no proper subset of Y is a strong defensive alliance cover. A minimum strong defensive alliance cover is a minimal cover of smallest cardinality. We will denote by ζ 0 (Γ) the cardinality of a minimum strong defensive alliance cover of Γ. . By Theorem 3.6 we conclude the proof.
Independent offensive alliances
As a consequence of Theorem 3.1 we obtain the following result. Proof. In the case of cubic graphs we have . Both equalities holds true if and only if Γ is a bipartite graph.
In the case of a bipartite cubic graph we have,
For all graph having independent offensive alliances we have γ o (Γ) ≤ γ i (Γ). Example of equality is the Petersen graph O 3 and the class of bipartite cubic graphs. Obviously, if α(Γ) < γ o (Γ), then Γ do not contains global independent offensive alliances. Examples of graphs having α(Γ) < γ o (Γ) are the graphs isomorphic to C 2k+1 ×K 2 . In this case 2k = α(Γ) < γ o (Γ) = 2k+1. Theorem 3.12. Let Γ = (V, E) be a cubic graph of order n. If Γ has a global independent offensive alliance, then: Proof. Let Γ = (V, E) be a cubic graph of order n.
1. If Γ has a global independent offensive alliance, then
2. If X ⊂ V is an independent set, then V \X is a 3-dominating set of Γ.
Hence, if |X| = n 2
, the edge-cut between X and V \X has size 3 n 2
, so Γ is a bipartite graph. Conversely, if Γ is a bipartite cubic graph, then
3. Let X be a global independent offensive alliance in Γ such that |X| = are the complete graph, K 4 , and the graph Γ = K 3 × K 2 .
Theorem 3.14. Let Γ be a cubic graph of order n. If a i (Γ) < γ i (Γ), then
Proof. If S ⊂ V is an independent set in Γ = (V, E), then
Moreover, if S ⊂ V is an independent offensive alliance in Γ such that |S| = a i (Γ) < γ i (Γ), then there exists at least one vertex v ∈ V such that v / ∈ (S ∪ ∂S). Hence,
By (6) and (7) we obtain the upper bound. On the other hand, since S is an offensive alliance in Γ = (V, E), then
Moreover, as S is an independent set |∂S| ≥ 3. Thus,
By (6) and (8) we obtain de result.
Example of equality in above bounds is the complete bipartite graph Γ = K 3,3 . In this case a i (Γ) = 2.
